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The Discrete de Rham construction

@ The Discrete de Rham construction
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Domain and polytopal mesh

o Q C R" polyhedral domain
@ My polyhedral mesh on Q
o Ay(My) set of d-cells
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Discrete de Rham method with differential forms

@ The de Rham complex with differential forms:

HA(Q) —2% .. 45 pak(Q) — o gAn(Q)
e The of polynomial differential forms (1):
&, 4’ dr, 4
K(r),h K’:’h N 777h

. recursive construction on d-cells (e.g., k-form on
d =k+1,...,n) mimicking the Stokes formula

![Bonaldi et al., 2023]
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Trimmed polynomial spaces

o Let f e Ad(./\/lh), fix xf € f

o Koszul complement:
KL(F) = wP, s NFA(F)

with (kw)x(+,...) = wx(x — x¢,...)
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Trimmed polynomial spaces

o Let f e Ad(./\/lh), fix xf € f

o Koszul complement:
KL(F) = 1P, AL (F)
with (kw)x(+,...) = wx(x — x¢,...)
e Trimmed polynomial spaces (¢ > 1):

P;AO(F) = PN(F),
PoA(F) == AP AL(F) @ KU(F)

Remarks:
o Full space: P,N(f) = dP,. A1) @ KL(f)

S. Pitassi (IMAG, Montpellier) Conforming lifting for the DDR complex January 15, 2026

5/36



Discrete local potential and exterior derivative (1)

° (playing the role of a k-form inside )

PFe XK — PN<(F)

dir(,f :Klr(,f — PN(A)

S. Pitassi (IMAG, Montpellier) Conforming lifting for the DDR complex January 15, 2026

6/36



Discrete local potential and exterior derivative (1)

For d = k,...,n, all f € Ag(Mp), and wy € X} :

e Case d = k:
Pﬁfgf = x"twr € P,AY(F)

@ Case d > k+1:
° df jwr € P,AKTL(f) defined such that,
Yu € P,Nk1(f):

/dlrifgf A on = (—1)k+1 /*7IWf A d/JJ +/ P,k@fgaf AN traf‘u
f f of
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Discrete local potential and exterior derivative (I1)

Case d > k + 1 (continued):

° Pﬁfgf € PN\ (f) defined using the decomposition
PAIH(F) = dAKE{TH(F) @ KITK(F):

o Forall p e K& 1(F):
(—1)k+1/Pf.f£f/\dM:/df,fgf/\/i—/ Pl orwor A tror i
f F of

o For all v € KI=K(f):

/*_1Pf_fgf/\1/: /*_1wf/\u
f f
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Discrete local potential and exterior derivative (I11)

Lemma (Polynomial consistency)

For all integers 0 < k < d < n and all f € Ay(My), it holds

Prkfﬂr‘ﬁfu}:w Yw € PAK(f),
and, ifd > k +1,

dfplfjw =dw  VYw € P A (F).
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Discrete X*, spaces : hierarchical structure

Xfp=X X« 'PIATK(E)
d=k feDg(My)

k —,d—k k

Space | fo=V fi=E Hh=F =T
X0y | R=%"PAf) +TPoAYA) *IPIAR(R)

Xy «IPAR) X TIPAN(R)

X2, *1P NO(£y)

X
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Discrete X*, spaces : L-products

@ We can define on K’,ﬂh a discrete L%-product:

(Whs k)i = Z (/f Prur A *vafﬁf + Skf(wf’uf))

feAR(Mp)

@ Above, si ¢ is a stabilisation term such that

Sk,f(Llf,fwvﬁf) =0 Vw € 7)r/\k(f_)
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Global discrete exterior derivative and DDR complex

. gk oyk k+1
° : dr,h 'Kr7h_>lr,h
k L —,d—k—1 k
dryhgh T (7Tr7f (*drvfgf)> feA[kJrlmn](Mh)
o
10 gk-t dk 41!
0 =r,h =r,h k =r,h =r,h n
X0, X5 X
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Global discrete exterior derivative and DDR complex

Lemma (Cohomology of the Discrete de Rham complex)

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all k,

Kerd’,ﬂh/ Im Q’;;l >~ Kerd®/Imd*1,
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Global discrete exterior derivative and DDR complex

0 k—1 k —1
Qr h d k gr h Q’:,h

: 4o :
XD h o — Xrh » XTh

Lemma (Poincaré inequalities)

Forany k =0,...,n—1 and w;, € Kﬁh, there exists T, € Klr(,h such that

df prp = df pwy and

Izalls < NAF pewnlln-
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Objective and motivation

© Objective and motivation
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Goal: conforming lifting operator

Build a linear operator

ﬁf,h 1 Klr(,h — HN(Q)

: for each d € {k,...,n} and f € Ay(M,),

e Projection: for all ¢ € Prﬂ/\d k(f),

/trf( rhWh) NG = / Krwr A ¢

Ftre (L5 pwnlle < llwelle

o Stability:

ldtre (L5 pwnlle < lIds peelle
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Motivation : proof of adjoint consistency (1)

. a € HN(Q) continuous k-form, w, € X" %71,

‘/ a/\d:)’;k_lgh N (_1)k+1/ da A P:,;k_lwh' 5 hH_lN(O&,gh)
Q Q

J
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Motivation : proof of adjoint consistency (Il)
Proof steps:

@ Introduce local polynomial approximations (jif)fe7;, of

= > </f(04—uf) NP g

feA(My)

+ (—1)FHt / d(ps — @) A PP R,
f 9

+ (—1)k Z (72 /f/ trf/(/l,f) A ng,k1Wf/>
)

fIGAnfl(f

@ Introduce Ef;k_l, replace potential P with lifting trace:

—k—1 —k—1
P:}f’ gf/ — trf/(ﬁnh gh)

r,

© Apply Integration By Parts on the continuous lifting to close the

estimate
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Motivation : stabilization free DDR methods

° : the bilinear form is built by evaluating the continuous
operator directly on the lifting £,

° . coercivity is assured by the piecewise definition
and properties of £,

. the discrete bilinear form for the Hodge-Laplace problem reads

an(wp,vp) = /Qd(ﬁf,hwh) Axd(LF )
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Construction of the Lifting

© Construction of the Lifting
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Principle behind the construction

: on cell dimension d, from k to n

o Base case d = k:
: k . pk
Define /Jrfgf = Prfgf

@ Inductive step d > k:
o Find A\ € HAX(f) such that

dA = df w4+ Cf pwy
tror A = L orWor
with C¥ . a lifting correction (non-zero only if d > k + 2)

o Find 7 € HA{*(f) such that
/dr Av = / (Pfrwe — A) Av, W e KITK(F)
f f

Define E’;’fgf =A+dr
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Verification of properties: Projection
. Prove the projection property for all { € Prjrl/\d*k(f)

/trf('clr(,hwh) NG = / Plrwr A ¢
f f

: Use decomposition { = du + v
e Step 1: For du (with € KI=K(f)):

/£f7fwf ANdp = (—1)kJrl /dﬁlf,fwf A p + boundary terms
f f

*

= (_1)k+1/fdl;,fwaU+---

/Pf,fwf A dp
F

(*) using dLF, = df f +CF;
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Verification of properties: Projection

. Prove the projection property for all { € Prjrl/\d*k(f)

/trf(ﬁllf,hwh) NG = / Pf,fgf A¢
f f

: Use decomposition { = du + v

e Step 2: For v € KI=k+1(f):

/’;()\“‘dT)/\V:/f_Pﬁ’fQ}r’/\l/

Guaranteed by the construction of 7.
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Verification of properties: Stability

: Prove the bound ”trf(ﬁfihgh)”f < llwellle

: The lifting is defined as L} ;w; = X + d7

@ ) is the minimal norm solution to a potential problem = its norm is
controlled by the data (RHS and boundary conditions)

k k
IMle S 147 rwrlls + 127 orwor llor

@ dr has zero trace on Of and is constructed to match the projection =

k
A7 (e S [P rwr — Allf
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A preliminary step: FEEC spaces on a simplicial submesh

. simplicial subdivision S,(f) of each cell f € Ag(My)
T b\

. —— PrN(SH(F)) —L PoARL(S,(F)) — ...

on Su(f):
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Towards two abstract problems
Let f € Ag(Mp)
Data: £ € P ATL(Sp(F)), 6 € P, A(Sh(81)),

Find:
Q ) € P, A*(Sh(f)) such that

A\ =¢
tror A =10
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Towards two abstract problems
Let f € Ag(My)
Data: . ¢ € L2AK(F)

Find:
o

Q¢ 75?_/\"_1(Sh(f)) such that, for all d-simplex t € Sp(f),

/TAdz:/C/\z, Vz e KI7K(t)
t t
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Novel aspects of the construction

° + (i.e., not
solving curl-div systems) = no need to assume solution regularity

° = convenient to work with and allows
for straightforward stability estimates
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Solving the two abstract problems

@ Solving the two abstract problems
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Reminder : two abstract problems
Let £ € Ag(Myp),

Data: £ € P ATL(Sp(F)), 6 € P, A(Sh(81)),

Find:
Q ) € P, N*(Sh(f)) such that

A\ =¢
tror A =10
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First problem: solving via small simplices

Let t € Ag(Sh(F))
PoAR ()

v

r,t

Cochain spaces: CK(S, ;) = Reard(Ax(Sre))
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DoFs on small simplices

DoFs on small simplices

Define

C*(Sre,Hre) = ImRE.

Then the graded spaces C*(S, ¢, H, ), together with the differential 6
(coboundary operator), form a cochain subcomplex of CX(S; ;).
Moreover, there exists a cochain isomorphism

Ok : CK(Sr e, Hrt) = PrAR(R)
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An equivalent problem on small simplices

For f € Ag(Mp)
Data: £ € C*Y(S, ¢, H,¢) and 6 € CH(Sy¢, My f)

Find: \ € CX(S, r,H,r) such that

Existence is proven by an explicit construction of a solution !
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Reminder : two abstract problems
Let f € Ag(Myp)

Data: ¢ € L2NK(f)
Find:

o

> Y 75{/\"*1(8;,(1“)) such that, for all d-simplex t € Sy(f),

/TAdz:/C/\z, Vz e KI7K(t)
t t
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Second problem

Hodge duality on FEEC spaces

Let t be a d-simplex. Then, for any nonzero a € P,AX(t) there exists a
form g € P A9=k(t) such that

r+d—k+1
/ﬁ ANa>0
t

: the bilinear form [.(,-) is non-degenerate, and for the linear
functional

LMAzzl(Az, z e KI7K(1)

there exists a unique 7 € 757+d7k+1/\k_1(t) such that

/}Adz:Lma.

t
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@ The Discrete de Rham construction
© Objective and motivation

© Construction of the Lifting

@ Solving the two abstract problems

© Conclusions

«O>» «F>r «=»r «=>» E A



Take-home message

° : Solving underdetermined potential problems via
FEEC spaces on simplicial submeshes

e A framework to establish analytical results on polytopal complexes
(e.g., Poincaré inequalities, adjoint consistency, compactness)

e Explicit and computable conforming representations of discrete data
(enabling stabilization-free FEM on polyhedral meshes)
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Thank you for your attention!

* X %

*
*
*

*
*
* 4 x
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